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Abstract. We study the problem of closure under complementation of languages
accepted by one-way and two-way tree automata modulo equational theories. We
deal with the equational theories of commutative monoids (ACU ), idempotent
commutative monoids (ACUT), Abelian groups (ACU M), and the theories of
exclusive-or (ACU X), generalized exclusive-or (ACU X ), and distributive mi-
nus symbol (ACU D). While the one-way automata for all these theories are
known to be closed under intersection, the situation is strikingly different for
complementation. We show that one-way ACU and ACU D automata are closed
under complementation, but one-way ACUX, ACUX,,, ACUM and ACUI
automata are not. The same results hold for the two-way automata, except for the
theory ACU 1, as the two-way automata modulo all these theories except ACU I
are known to be as expressive as the one-way automata. The question of closure
under intersection and complementation of two-way ACU I automata is open.

1 Introduction

Tree automata [4, 2] enjoy many good properties: emptiness is decidable, the class of
languages accepted is closed under Boolean operations notably. Two-way tree automata
extend ordinary tree automata (call them one-way tree automata to distinguish them
from two-way tree automata) by allowing transitions that not only construct terms, as
in one-way automata, but also destruct terms (see [2], Chapter 7, Alternating Tree Au-
tomata). More specifically, one-way automata have transitions of the form “if terms
t1, ..., tn are accepted at states qu, ..., g, then term f (¢4, ..., t,) is accepted at state ¢”.
The new transitions allowed in two-way automata are of the form “if term f(¢1, ..., %,)
is accepted at state ¢ and terms ¢, , ..., t;, are accepted at states ¢}, ..., ¢;, then term ¢;
is accepted at state ¢’” where 1 < 4,4, ...,4r < n. Two-way tree automata are more
conveniently represented by the so called definite clauses of first order logic which pro-
vide a uniform mechanism for representing various kinds of transitions, like alternation
(“if term ¢ is accepted at states g1 and g» then ¢ is accepted at state ¢”), transitions with
equality constraints between subterms, etc. Two-way tree automata can be effectively
reduced to one-way tree automata. As a result they also enjoy the good properties of
decidability of emptiness and closure under Boolean operations.
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In spite of having the same expressiveness as one-way automata, two-way automata
are sometimes more convenient to work with because of the new kinds of transitions.
An important area in which two-way tree automata have recently been applied is veri-
fication of cryptographic protocols [11, 6], where terms are used to represent messages
and tree languages to represent sets of messages known to an intruder. The transitions
of two-way tree automata allow us to model the ability of the intruder to encrypt and
decrypt messages. This approach works fine when the cryptographic primitives are as-
sumed to be perfect, in which case the messages are the members of the free term alge-
bra. However often complex cryptographic primitives have additional algebraic prop-
erties, which need to be modeled using equational theories. The theory of associativ-
ity and commutativity, and its extensions like the theories of exclusive-or and Abelian
groups are some examples that occur often. As an example the original version of the
Bull’s recursive authentication protocol presented in [14] was formally proved correct
using the assumption of perfect cryptographic primitives. However this protocol uses
the exclusive-or operation for encryption. By taking into account the properties of the
exclusive-or operation, an attack against this protocol was found in [15]. Also proto-
cols like the group Diffie-Hellman protocol [16], use algebraic properties of modular
exponentiation [3]. This motivates exploring variants of tree automata which take into
account equational properties of the function symbols.

Several notions of tree automata accepting terms modulo equational theories have
been proposed recently [9, 12, 18], which extend the tree automata concept. The no-
tions of one-way and two-way equational tree automata have been studied extensively
in [18] which deals with several variants of the equational theory ACU of an associa-
tive, commutative operator + with unit 0. It shows the decidability of emptiness and
closure under intersection of the one-way automata for all these theories, as well as the
equivalence between two-way and one-way automata for most of these theories. How-
ever the problem of closure under complementation has been left open. In this paper we
examine this question.

More specifically, we study one-way and two-way equational tree automata, mod-
ulo the theory ACU and several of its extensions. The theory ACU of an associative-
commutative symbol + with unit 0 consists of the three axioms:

(A) z+(y+2)=(r+y) +2
C)z+y=y+z
U)z+0==x

The extensions of ACU that we deal with are obtained by adding one of the following
axioms to the base theory ACU::

(X) =+ z = 0 (xor axiom)
(Xn) z+ ...+ z =0 (generalization of xor axiom, where n > 2)
————
n times
(M) z + (—z) = 0 (minus axiom)
(D) —(z+y) =(—z)+ (—y), —(—z) = =, —0 = 0 (distributivity of ‘-’ symbol)
(I) =+ x= = x (idempotence)

where — is an additional unary symbol. We name a theory by the names of its axioms;
e.g., ACUM is the theory of Abelian groups and ACU X the theory of xor. Note that



D is implied by ACUM, so ACUD is a (strictly) weaker theory than ACUM. The
theories dealt with in this paper are ACU, ACUX, ACUX,,, ACUD, ACUM and
ACUI

We show that modulo ACU and ACU D the one-way automata are closed un-
der complementation. On the other hand, modulo ACUI, ACUM (Abelian groups),
ACUX (the theory of xor) and ACU X,,, the one-way automata are not closed under
complementation. Except for the theory ACU I, the same results hold for two-way tree
automata. The case of two-way ACU I automata is open. An interesting pattern visible
here is the coincidence between closure under complementation of the one-way equa-
tional tree automata and the linearity of the equational theory involved. These results
on complementation are in sharp contrast to the results on intersection.

Plan. After some material on related work, we define our one-way and two-way equa-
tional tree automata in Section 2, recalling some important results, notably connections
of ACU automata with semilinear sets. These results are used in Section 3 to show clo-
sure under complementation of (one-way and two-way) ACU automata. The (one-way
and two-way) ACU X and ACU X,, automata are not closed under complementation,
as shown in Section 4. To deal with the ACU D and Abelian groups case, we first gen-
eralize the results of Section 1 on ACU automata to the ACU D case in Section 5.
These are then used to show closure under complementation of (one-way and two-
way) ACU D automata in Section 6. The results and proofs in the Abelian groups case
(ACUM) are exactly as in the ACU X case, as we argue in Section 7. Lastly we show
that the one-way ACU I automata are not closed under complementation in Section 8,
leaving open the question for two-way ACU T automata. We conclude in Section 9.

Related work. Tree automata modulo AC' have been considered several times, though
not all these notions coincide. Lugiez [9] considers one-way AC tree automata which
have additional sort restrictions, but are also extended with a rich constraints language.
Recent work by Lugiez [10] extends it to include equality and counting constraints,
providing a rich framework that includes most known proposals for one-way AC tree
automata with decidable emptiness problems. The resulting class of automata is also
shown to be closed under Boolean operations. This framework is however incomparable
to ours: while Lugiez’s automata accommodate equality tests naturally, our two-way
automata cannot avoid undecidability in the presence of equality constraints [7, 18].
Ohsaki [12,13] considers a larger framework of (one-way) £ tree automata, where
£ is an equational theory. Ohsaki’s regular £ automata coincide with our one-way &
tree automata when £ is linear (like AC, ACU), but this does not hold in theories like
ACUX, ACUM, ACUI. For example, in Ohsaki’s case, with transition rules a — g,
b — gand 0 — ¢, and with the theory ACU X, we have a + b —* ¢’, meaning a + b
is accepted at ¢’. In our case, with the corresponding clauses ¢(a), ¢(b) and ¢’'(0), and
with the theory ACU X, a + b is not accepted at ¢’. For arbitrary £ we do not know
the relation between our automata and Ohsaki’s automata, and the two notions appear
rather dissimilar. One of the key differences is that while we extend the traditional
correspondence between tree automata and logic programs from the non-equational
case to the equational case, Ohaski’s automata do not preserve this correspondence, as
they mix equality on terms with equality on states, as illustrated by the above example.



While we consider tree automata as logic programs and extend them by adding
equational theories, there has also been much work on equational logic programs [8] as
such, which are logic programs in which the special equality predicate also appears, so
that the equational theory can be coded in the logic program itself. In this context, com-
plementation of equational tree automata corresponds to negation in equational logic
programs. However our equational tree automata differ in that the equality symbol does
not occur in the logic programs, and we separately consider an equational theory in
which the equality predicate occurs. Moreover the author is not aware of any work
on finding decision procedures or closure properties for subclasses of equational logic
programs, especially for the ones corresponding to our automata.

The notion of two-way equational tree automata has been studied by Goubault-
Larrecq and the author [7, 18] for the theory AC and its variants. Note that the specific
theories ACU X, ACU M, etc., that we consider have traditionally not been considered
in the framework of (one-way) tree automata; they give rise to specific technical prob-
lems and solutions. The notion of alternating two-way AC' tree automata is treated in
detail in [7], which also considers some additional push clause formats which are not
relevant in this paper. Finally we have found that closure under Boolean operations has
also been shown for the multiset automata of Colcombet [1], which correspond to the
subclass of our one-way AC'U automata in which all symbols other than +, 0 are unary,
and were introduced for studying process rewrite systems.

To avoid confusion we clarify that the “two-way automata” of [17] are an entirely
different notion from ours.

2 Two-Way £-Tree Automata

Fix a signature X' of function symbols, each coming with a fixed arity, and let £ be
an equational theory, inducing a congruence =¢ on the terms built from X'. We will
use clauses of first order logic as a general means of representing various classes of

automata. ) o
A definite clause is an implication of the
form: P(t) <= P (tl) VANAN Pn(tn) (1)

where P, Py, ..., P, are predicates and ¢, ¢y, ..., t,, are terms built from X and variables.
Given a finite set C of such definite clauses we define derivations of ground atoms using
the following two rules:
—Pl(tl"}l'('t'f;‘(t"”) if P(t) < PL(t1) A .. A Pu(ts) €C %if s=¢ t‘
where ¢ is a ground substitution. Thus a derivation is a tree-like structure, which should
not be confused with the trees which are the terms built from .. Accordingly, a sub-
derivation of a derivation ¢ is a subtree of §. The last step of a derivation ¢ refers to
the step at the root of 6. The connection of definite clauses with automata is as follows:
predicates are states, finite sets of definite clauses are automata, and an atom P(t) is
derivable using C, iff the term ¢ is accepted at state P in the automaton C. The deriva-
tions using C are sometimes called runs of the automaton C.

It is also easy to see that the set of derivable atoms is exactly the least Herbrand
model of the set of clauses modulo £.

The language L£p(C/€) is the set of terms ¢ such that P(¢) is derivable. When &
is the empty theory, we shall call it £p(C). If in addition some state P is specified




as being final then the language accepted by C is £(C/&) = Lp,;(C/E). Also, given a
language L and an equational theory £, £(L) denotes the set of terms ¢ such that ¢ =¢ s
forsome s € L.

We define one-way automata as

consisting of clauses: P(f(z1,-2n)) = Pr(@) A A Pr(zn) - (2)

P(z) < Pi(z) (3)
which we shall call pop clauses and epsilon clauses respectively. In (2), the variables
1, ..., T, are distinct.

These automata (without equations) are exactly the classical tree automata usually
described in the literature. It may be helpful to read the pop clause as: “if terms z1,...,xz,
are accepted at states P;,..., P, respectively, then f(z, ..., z,) is accepted at P”. This is
usually denoted by the rewrite rule f (P, ..., P,) — P. The epsilon clause corresponds
to the rewrite rule P; — P. We have the following easy result:

Lemma 1 ([18]). For any one-way automaton C and equational theory £, Lp(C/€) =
E(Lp(C)). In particular emptiness of one-way & tree-automata is decidable.

For Ohsaki’s regular £ tree automata, this result holds if £ is linear, but not in
general. A counter-example is the automaton modulo ACU X given in Section 1.

Since we are dealing with theories extending ACU, we assume that X' contains
symbols +, 0 and in presence of equations D or M the symbol —. Note that we don’t
consider the case of X' containing several 4 (resp. —, 0) symbols. Symbols in Xy =
X\ {+,—, 0}, are called free. Free symbols of zero arity are called constants. Terms of
the form f(ty, ..., t,,) where f is free are called functional terms. Accordingly the pop
clauses in our automata are of the following form:

Pz +y) < Pi(x) ANPx(y)  (4) P(a) where a is a constant (6)
P@O) (5 P(-z) < Pi(z) (V)
P(f(z1,..-s@n)) < Pi(z1) A ... A Py(xy,), f being free (8)

Clauses (6) are special cases of clauses (8).

One-way ACU (resp. ACUI, ACUX, ACU X,,) automata are sets of clauses (3),
(4-6) and (8); one-way ACU M and ACU D automata in addition contain clauses (7).

We define two-way automata by adding the following kind of clauses

Q(z:) < P(f(z1yey xn)) AQr(iy) A oo A Qr(zi,), 9)
fhbeingfree, i € {1,...n}\ {i1,..,ix}, 1 <i1 < ... <@, <n

called push clauses, to one-way automata (the variables z, ..., z,, are distinct.) Hence
two-way automata are sets of clauses (3) and (4-9)—with the proviso that (7) is only
included when — € X. The side-conditions “¢ € {1,....,n} \ {i1,...,3x},1 < i1 <
... < 1% < n” have been introduced in clause (9) to avoid undecidability problems. This
is discussed in [18], which also argues that removing the side-condition “ f being free”
from clause (9) has no impact in the case of theories ACU X and ACU M but is prob-
lematic in the case of other theories like ACU and ACU D. Hence, while the expres-
sion “two-way automata” is normally used in a general sense, without the restrictions



imposed by the side-conditions in clause (9), however in the rest of this paper, this ex-
pression will be used in the specialized sense defined above. Constant-only automata
are one-way automata which contain clauses (6) instead of the general clauses (8) (the
only free symbols in the signature are constants.) Given a one-way or two-way automa-
ton C, we define C,, to be the part of C with clauses (3), (4), (5) and (7) (the equational
part), and Cyre. Is the remaining part.

Example 1. Consider a signature having constants a and b, a unary symbol f and a
binary symbol g. Define two-way automaton .4 modulo ACU X to consist of the clauses

(i) Pi(a) i

\ ( ) P6 X Pl )N P3

(i) P(b) (v\ﬂ) P7Ex I 55 i P6§x§ APy 533
(iii) Ilja(f (z)) <= Py(z) (viii) Ps(z) < Ps(g(z,y)) A Pr(y)
(iv) P4(0) (iX) Py(z +y) < Ps(z) A Pi(y)

(V) Ps(g(z,y)) < Pa(z) A Ps(y) T
Then the following is an example of a derivation in the automaton. At each step, the

clause applied or the equational rewriting used is indicated on the right side.

(0) Py(b) (ZE))
w B BU®) "
i) 2O BleriO) P i
PO PUO) Prll(a+ 7O) +a) )iy
P3(9(0. /(1)) PrOD iy (i)
P3(0) Pi(a) (i)
Py(0 + a)
— (ACUX)
Py(a)

The languages accepted by all our one-way or two-way automata are trivially closed
under union. It has been shown in [18] that the one-way automata for all these theories
(ACU, ACUD, ACUX, ACUX,, ACUM, ACUT) are closed under intersection.
There it is also shown that two-way automata are as expressive as one-way automata, for
all these theories, except ACU I for which the problem is currently open. The emptiness
test for one-way automata has already been dealt with (Lemma 1). In this paper, we shall
concentrate on closure under complementation of these automata. Note also that closure
under intersection and decidability of emptiness imply decidability of membership of
one-way equational tree automata for all theories considered in this paper since, using
Lemma 1, for any theory £ and term ¢, the language £({¢}) is easily recognized by a
one-way & tree automaton.

First we recall some important results on constant-only ACU automata. Let the
constants in our signature be ay, ..., a,. Modulo ACU, the ground terms are of the
form Y°F_| n;a; with n; € N: equivalently p-tuples of natural numbers. Recall that a
linear set is a set of the form {v + nyvy + ... + ngvg | ny,...,nx € N} for some
v, vy, ...,vp € NP. A semilinear set is a finite union of linear sets. The semilinear sets
are exactly the sets definable in Presburger arithmetic [5]. In particular they are closed
under union, intersection, complementation and projection. Then we have:



Lemma 2 ([18]). Constant-only ACU automata accept exactly semilinear sets.

To prepare ourselves, we need another special property of ACU automata which
allows us to ‘reuse’ parts of derivations. This will be required very often in the paper.

Lemma 3 ([18]). Let £ be any set of equations containing ACU. Consider a derivation
¢ of an atom P(¢) modulo . Let 4y, ..., &, be non-overlapping subderivations of § such
that outside the ¢;’s, the only equations used are ACU and the set S of clauses used
contains only clauses of kind (3), (4) and (5) (see Figure 1, noting that the derivation
trees are shown with the root at the top.) Suppose the conclusions of §4,...,d, are
Pl(tl), ceey Pn(tn) Then

1. t=scuti1+...+1,

2. If there are derivations 47, ..., o,, of atoms P (s1), ..., P, (s,) modulo £ then there
is a derivation ¢’ of P(s; + ... + s,) modulo &, containing 4;’s as subderivations,
such that outside the §;’s, the only equations used are ACU, and all clauses used
belong to S.

P(ty + ... + ty) :> P(s1+ ...+ sn)
clauses (3), (4) clauses (3), (4)
modulo ACU modulo ACU

Pl(t‘l) '"Pn.(‘m Q1(0) Qx(0)  Pi(s1) Pnlsn) @1(0) cbk(c))

Fig. 1. Reuse of ACU derivations

The following definition gives one way of computing such é;’s and P;(t;)’s

Definition 1. Consider a derivation ¢ of an atom P(¢) in a one-way automaton modulo
ACU. Let 6y, ..., 6, be the set of maximal subderivations of § in which the last step used
is an application of clause (8) (or clause (6)). Suppose the conclusions of 44, ..., d,, are
Pi(t1), ..., Pn(tn) (inwhich case ¢4, ..., t, must be functional.) Then we will say that the
(unordered) list of atoms P;(¢1), ..., P, (ty) is the functional support of the derivation
6. (From Lemma 3 we have t = ¢y t1 + ... + tp.)

3 Complementation of ACU Automata

Let C be a one-way ACU automaton with predicates from some finite set . We intro-
duce new predlcate symbols $ and S for each S C P and constants ag for each S CP
We intend S to accept terms accepted at all the predicates in .S but nowhere else. S is
intended to accept the functional terms accepted at .

Define automaton C;, = Ceq U {P(as) | P € S}. The idea in defining Ce, is to
compute all possible derivations using the clauses of the equational part. The constant
ag acts as abstraction for the terms accepted at .S for S C P.



From Lemma 2, Lp(C;,/ACU) is a semilinear set for every P € P. Given S C P,
define £5 = N pcg Lp(C2, /ACU) \Upep\s £p(CZ,/ACU). This is a semilinear set.
By Lemma 2, we can construct a constant- only automaton Cg with final state F's such
that £(Cs/ACU) = L. We assume that automata Cs’s are built from mutually disjoint
sets of (fresh) states.

Define automaton C' to consist of the following clauses:

— foreach S C P the clause S(x) < Fs(x).

— clauses (3), (4) and (5) (but not (6)) from each Cg. R

— for each clause R(as) in some Cg, the clause R(z) < S(z).

— for each free function symbol f of arity n, and each Si,..., S, C P, the clause
S(f(xl, )) = Sl(.’l?l) VANAY S (l‘n) where S = {P | 3P1 € 5:.4.3P, €
SnP(f(ml, )) <=P1(.771)/\ NP, (.’L’n) ECfree}

This construction plays the role of the usual determinization procedure in standard
tree automata. Note that it is however more complex because of the ACU symbol. We
have the following result:

Lemma 4. For any S C P and any term ¢, S(¢) is derivable in C* modulo ACU iff
S ={P €P| P(t) is derivable in C modulo ACU}.

Proof. By induction on the size of t. Lett =4cp t1 + ... + tn(n > 0) where for 1 <
i <, t; = fi(th,...,t5), for some free f;. Let S = {P e P | P(t) is derivable in C}.
First we show that (a) §(t) is derivable in C* modulo ACU; then we show that (b) if
S'(t) is derivable in Ct modulo ACU for some S’ C P then §” = S.

Proof of (). For 1 < i < n,1 < j < k; let S = {Q | Q(#) is derivable in C
modulo ACU}. By induction hypothesis $7 (/) is derivable in Ct modulo ACU. For
1<i<nletS; ={Q|3IQ" € S}.3..3Q% € SF.Q(fi(x1,-z1,)) < Q' (i) A
.AQFi(zy,) € C}. Then the clause S;(fi(z1, ..., zx,)) < SH(z1)A...ASF (z4,) € C1.
So @(ti) is derivable in ¢t modulo ACU for1 < i < n.

For each P € S, the derivation of P(t) has a functional support of the form
QY (t1),...,QF (t,). For P € S,1 < i < n, the derivation of QF(¢;) uses at the
last step, a clause QF (fi(z1, .. 5 Ty ) < QP (1) A ... AQP™ (xk,) and derivations
of Q7 (#1)(1 < j < k;). Then Q! ’JGSJfOI'PESl<z<n 1 < j < k;. Hence
QF € S;. By Lemma 3, (*) P(as, + ... + ag, ) is derivable in C;, modulo ACU for
each P € S.

(**) If P € P\ Sthenas, + ... +as, ¢ Lp(C:,/ACU). Otherwise the corre-
sponding derivation would have a functional support of the form Q1 (as, ), --., @n(as,)
where Q; € S; for 1 < i < n. Then by construction of S;, Q;(¢;) would be derivable
for1 < ¢ < n. Then by Lemma 3, P(¢; + ... + t,) would be derivable in C modulo
ACU. Hence we would have a derivation of P(¢) in C modulo ACU which contradicts
the definition of S.

Combining (*) and (**), as, +...+as, € L£°. The derivation of Fis(as, +...+as, )
in Cs modulo ACU has a functional support of the form R;(ag, ), .., Rn(as,, ). Then
R;(t;) is derivable in CT modulo ACU using the clause R;(x) < SAi(x) for1 <i<n.
Hence by Lemma 3 we get a derivation of Fs(t, +...+1t,) in C modulo ACU. Finally



we use the clause S(z) < Fs(x) to get a derivation of S(t; + ... + t,,), i.e. of S(t).
This proves (a).

Proof of (b). Now suppose " C PP such that S’ (t) is derivable in Ct modulo ACU.
We show that S’ = S. The derivation of $’(t) uses at the last step a derivation of
Fs:(t). From the construction of CT, the latter derivation has a functional support of
the form Si(¢1), -.-, S‘\;l(tn) and the clauses used immediately above the derivation of
§§(ti) are of the form R} (z) < §;(x) corresponding to the clause R;(as;) of Cs. Also

the clauses used above the clauses R}(z) < SA‘;(x) are from Cg. Then by Lemma 3,
Fsl(aSi + ...+ as;) is derivable in Cs» modulo ACU. For 1 < 4 < n the derivation

of g‘;(ti) uses at the last step a clause of the form §;(fi(a;1, oy Ty)) = S @) A A
Sk (xy,) € CT and derivations of S/ (#/)(1 < j < k;). Then by induction hypothesis
S/ = §7. Then by definition of CT, S/ = S;. Hence ag, + ... + as, € Lg. We have
already seen that as, +...+as, € L. Since the £5’s are mutually disjoint, so S’ = S.

O

As a consequence we obtain:
Theorem 1. One-way ACU automata are closed under complementation.

Proof. Let C be a one-way ACU automaton with predicates from P and with final state
F. Define automaton C' as above. Pick a new predicate F'*. Add to C' the clauses
Ff(z) < S(z) for every S C P,F ¢ S. Call this new automaton C*. Then by
Lemma4,t € Ly (C*/ACU) iff forsome S C P, F ¢ Swe havet € L(CT/ACU),
iff F ¢ {PeP|teLp(C/ACU)}Iifft ¢ Lr(C/ACU). Hence F* accepts the
complement of the language accepted by F'. O

Since two-way ACU automata have the same expressiveness [18] as one-way ACU
automata, we also have:

Theorem 2. Two-way ACU automata are closed under complementation.

The idea of using constants as abstractions for the functional terms accepted at
certain states, and the correspondence between constant-only ACU automata and Pres-
burger definability, have already been used in [18] to show closure under intersection of
various classes of automata. This may give the impression that the arguments for clo-
sure under complementation are similar to the ones for intersection. There are indeed
some common ideas, which led the author to conjecture that one-way tree automata
modulo all theories considered here are closed under complementation. However it was
surprisingly found that while these ideas work for showing closure under intersection
of the one-way automata modulo all theories under consideration, they don’t work for
showing closure under complementation of the one-way automata modulo the theories
ACUX,ACUX,,, ACUM and ACUI. We will show that the latter are not closed un-
der complementation. Unlike in the case of intersection, our results show a strong cor-
relation between closure under complementation of one-way equational tree automata
and the linearity of the equational theory involved, at least as far as the theories dealt
with in this paper are concerned.



4 Counter-Examplefor ACU X and ACU X,, Automata

Contrary to the ACU case, ACU X automata are not closed under complementation,
as we show in this section. The result generalizes to the ACU X, case for n > 2,
i.e. we can show that one-way or two-way ACU X,, automata are not closed under
complementation for any n > 2. (We get the ACU X case by making n = 2.) To show
this fix some n > 2. Define languages £, = {f*1(a) + ... + f*~(a) | k1, ..., kn > 0}
(assuming a signature that has at least a unary symbol f and a constanta) and £5 = {0}.
Let us clarify that we are considering languages modulo ACU X ,, so that, for example,
when we write {0}, we actually mean the language {¢ | t =acvx,, 0}. Similar remarks
hold for other theories considered later. Then £; \ Lo = {f*(a) + ... + f¥(a) |
ki,...k, > 0andforsomel < i,j < n,i # jandk; # k;}. £, and L, are clearly
accepted by one-way ACU X,, automata. However £, \ £ is not:

Lemma 5. The language £ = {f**(a)+...+f*~(a) | k1, ..., k,, > 0 and for some 1 <
i,j <m,i# jandk; # k;} is not accepted by any one-way ACU X,, automaton.

Proof. Assume on the contrary that there is a one-way automaton C with final state
P which modulo ACUX,, accepts L. Let P be the set of predicates in C. For each
p > 0 define S, = {Q € P | Q(fP(a)) is derivable in C modulo ACU X, }. Since P
is finite, it has finitely many subsets. Hence we have some p # ¢ such that S, = S,,.
Since p # ¢, the term fP(a) + 37— f9(a) € L. From Lemma 1, we have some
t =acux, fP(a)+ Z?:_ll f%(a) such that P(t) is derivable in C modulo ACU. We
have t =acu t1+ta+ ...+t +ul +..+ul + ...+ up + ...+ uf(k > 0) such that ¢;
and u are functional for 1 <4 < k,1 < j < n,t; =acvx, fP(a),t; =acvux, fi(a)
for2 < j < m,and u) =4cux, u forl <i<k 1< j j < n. The derivation of
P(t) has functional support of the form I;(¢1), Ia(t2), ..., In(tn), It (u}), ..., I7(ul),
o TE(up)y oo, IP(uy). Then Iy € S, and I, ..., I,, € S,. However S, = Sy, hence
I,....I, € Sp. Thus I;(f?(a)), I2(f?(a)), ..., In(fP(a)) are derivable in C modulo
ACUX,.ByLemma3, P(3_7, fP(a)+ui + ...+ ul + ... +up + ... +u}) (or P(0))
is derivable in C modulo ACU X, leading to contradiction. |

Since £1 \ £2 = £1 N C(L2) where C(£’) denotes the complement of £/, we have:

Theorem 3. One-way ACU X,, automata are not closed under complementation for
any n > 2. This holds for one-way ACU X automata in particular.

The key idea, also used in the further counter-examples, is that in presence of non-
linear equations like X', doing complementation involves putting disequality constraints
on subterms, which is beyond the power of our automata.

Again, since two-way ACU X, automata have the same expressiveness [18] as one-
way ACU X, automata, we get:

Theorem 4. Two-way ACU X,, automata are not closed under complementation for
any n > 2. This holds for one-way ACU X automata in particular.

We remark that the situation is different for the theory ACU X, when n = 1. In this
case the axiom = = 0 means that every term is equal to 0. Trivially the automata are
closed under intersection and complementation. This is clearly not an interesting case.



5 Constant-Only ACU D Automata and Reuse of ACU D
Derivations

In this section we generalize Lemmas 2 and 3 to the ACU D case. These will be useful
in dealing with the ACU D and ACU M automata.

First we consider constant only ACU D automata. Recall that X is the set of con-
stants in our signature. Let X'; be a set of fresh constants {@ | a € X}. Terms built
from X U {4+, —,0} modulo ACUD are of the form a; + ... + @ — b1 — ... — b,
(m,n > 0) while those built from X'y U X'y U {+,0} modulo ACU are of the form
ai + ... + am + by + ... + b, (m,n > 0). Hence there is a natural 1-1 correspondence
between terms (languages) on X'y U {4, —, 0} modulo ACU D and terms (languages)
on X U X U {+,0} modulo ACU. Then modulo this correspondence of languages:

Lemma 6 ([18]). The language accepted by a constant-only ACU D automata with
constants from X; is a semilinear set with constants from X'y U X's. Conversely, a semi-
linear set with constants from X'y U X can be represented as accepted by a constant-
only ACU D automaton with constants from X¢.

Also we have the following generalization of Lemma 3 to the ACU D case.

Lemma7. Let £ be any set of equations implying ACU D. Consider a derivation ¢
of an atom P(¢) modulo £. Let 4y, ..., d, be non-overlapping subderivations of ¢ such
that outside the §;’s, the only equations used are ACU D and the set .S of clauses used
contains only clauses of kind (3), (4), (5) and (7). Suppose the conclusions of §4, ..., 6,
are Py (t1), ..., Po(tn). Then

1. t =acup *1t1 2 ... £ t, for some £, ..., +, € {+, —}. (+¢1 means ¢;.)

2. If there are derivations 41, ..., d;, of atoms P (s1), ..., P, (s,) modulo & then there
is a derivation ¢’ of P(£;s1 £2 ... &, s,) (the &;’s here are the same as above)
modulo &, containing §;’s as subderivations, such that outside the §;’s, the only
equations used are ACU D, and all clauses used belong to S.

Finally the notion of functional support is generalized to ACU D derivations.

Definition 2. Consider a derivation ¢ of an atom P(¢) in a one-way automaton modulo
ACUD. Let 64, ..., d,, be the set of maximal subderivations of § in which the last step
used is an application of clause (8) (or clause (6)). Suppose the conclusions of 41, ..., oy,
are Py(t1), ..., P,(t,) (in which case ¢y, ..., t, must be functional.) Then we will say
that the (unordered) list of atoms P;(t1), ..., Pn(t,) is the functional support of the
derivation ¢. (From Lemma 7, t must be of the form +1¢; +5 ... &, ¢,.)

6 Complementation of ACU D Automata

In the ACU D case the situation is similar to the ACU case: the automata are closed
under complementation. The arguments being similar to the ACU case, we give the full
construction with a sketch of the proof.



Let C be a one-way ACUD automaton with predicates from P. Introduce predi-
cate symbols $ and S for each S C P, and sets of constants A = {as | S C P}
and A = {as | S C P}. Define automaton C}, = Ceq U {P(as) | P € S}. From
Lemma 6, for each P, Lp(C;,/ACUD) is a semlllnear set on constants from A U A.
Given S C P, define £° = Np.s Lp(Cs,/ACUD)\ Uper\s £p(C,/ACUD). This

is a semilinear set on constants from A U A. By Lemma 6 we can construct a constant-
only ACU D automaton Cg, using constants from A, and with final state F's such that
L(Cs/ACUD) = L£°. We assume that automata Cs’s are all built from mutually dis-
joint sets of (fresh) predicates.

Define automaton C to consist of the following clauses:

— foreach S C PP the clause S(z) < Fs(z).

— clauses (3), (4), (5) and (7) (but not (6)) from each Cs. _

— for each clause R(ag) in some Cg, the clause R(z) <= S(x).

— for each free functional symbol f of arity n, and each S, ..., S, C P, the clause
S(f(xl, )) = Sl(.’l?l) N A S (l‘n) where S = {P | 3P1 € 5:.4.3P, €
SnP(f(ml, )) <=P1(.731)/\ .ANP, (.’L’n) GCfree}

Lemma 8. For any S C P and any term ¢, S(t) is derivable in Ct modulo ACUD iff
S ={P € P| P(t) is derivable in C modulo ACU D}.

Proof. By induction onthesizeoft. Lett =scup s1+...+8m—t1—...—tn(m,n > 0)
where for1 < 4 < ms; = fi(sll,...,sfi) for some free f;, and for1 < ¢ < n
t; = gi(t}, ..., ti*) for some free g;. Let S = {P e P | P(t) is derivable in C}. First we
show that (a) S(t) is derivable in Ct modulo ACU D; then we show that (b) if S'(t) is
derivable in C* modulo ACUD for S’ C Pthen S’ = S.

Proof of (a). For1 < i < m,1 < j < k; let SJ ={Q | Qs )|sder|vable inC
modulo ACU D}. By induction hypothesis 57 (s?) is derivable in CT modulo ACUD.
Forl1 <i<ml1<j<IletT! ={Q | Q(tf) is derivable in C modulo ACU D}.
Then by induction hypothesis Tj (t{) is derivable in CT modulo ACUD. For1 < i <
mletS; = {Q | 3Q* € S}.3..3Q% ¢ Sf".Q(fi(xl,...,xki)) <= QNaxi) A A
QF (zx;) € C}. Then the clause Si(fi(@1, e ,)) < SE@1) Ao A SFi(ay,) € CF.
So S;(s;) is derivable in Ct for 1 < i < n. Similarly for 1 < i < m let T; = {Q |
IQ! € T1.3..3Q% € T4 .Q(gi(x1, .., x1,)) < QL (i) A . AQY (z1,) € C}. Then the
clause ﬁ(gi(ml, e xy,)) < THm) /\ .. ATV (z;,) € Ct. So Ty(t;) is derivable in C*
for1 <i<n.

Arguing as in the ACU case, but using Lemma 7 instead of Lemma 3 we show that
P(as, +...+as,, —ar, —...—ar,) is derivable in CZ, modulo ACUD foreach P € S.
Also we show that if P € P\ S thenas, +...+as,, —ar, —...—ar, ¢ Lp(C;,/ACUD).

Hence as, + ... +as,, — ar, — ... — ag, € L. The derivation of Fs(ag, + ... +
as,, — ar, — ... — ag,) in C modulo ACUD has a functional support of the form
Ri(as,), ---s Rm(as,,), Ri(ar,), --., Ry (a1, ). As in the ACU case we use Lemma 7
to get a derivation of Fis(sy + ... + 8, — t1 — ... — ) in CT modulo ACUD. Finally
we use the clause S(z) < Fg(x) to get a derivation of S(sy + ... + S — t1 — ... — £),
i.e. of S(t). This proves (a).



Proof of (b). Now suppose S” C P such that S'(t) is derivable in CT modulo ACUD.
We show that S” = S. The derivation of S’(¢) uses at the last step a derivation of Fs. ().

-

The latter derivation has a functional support of the form .S} (s1), ...,éfn(sm),T{ (t1),

ey T\,’L(tn). Arguing as in the ACU case, we use Lemma 7 to show that Fs(as; + ... +
as:; —ars—... —ar; ) is derivable in Cs: modulo ACUD. For 1 <4 < m the derivation
of @(si) uses at the last step, a clause §§(fi (21, oy k) <= SN (1) A ASIF (4,) €
C* and derivations of S;’(s?)(1 < j < k;). By induction hypothesis S’ = S?. By
definition of CT, S/ = S;. Similarly for 1 < i < n, T/ = T;. Hence ag, + ... + as,, —
ar, —...—ar, € Ls.\We have already seen that ag, +...+as,, —ar, —...—ar, € L.
Since the £5’s are mutually disjoint, we have S’ = S. O

Then as in the ACU case, and using the fact that two-way ACU D automata have
the same expressiveness [18] as one-way ACU D automata, we conclude:

Theorem 5. One-way ACU D automata are closed under complementation. Also two-
way ACU D automata are closed under complementation.

7 Counter-Examplefor ACU M Automata

The ACUM (Abelian groups theory) case is similar to the ACU X case. Define lan-
guages £; = {f™(a) — f™(a) | n,m > 0}, Lo = {0}. Then £; \ L2 = {f"(a) —
f™(a) | n,m > 0and n # m} is not accepted by any one-way ACU M automaton:

Lemma9. The language L = {f™(a) — f™(a) | n,m > O0andn # m} is not
accepted by any one-way ACU M automaton.

Proof. The proof is similar to that of Lemma 5, the difference being that we need the
ACUD case (Lemma 7) instead of the ACU case (Lemma 3). Assume on the con-
trary that there is a one-way automaton C with final state P which modulo ACUM
accepts L. Let P be the set of predicates in C. For each n > 0 define S,, = {Q € P |
Q(f™(a)) is derivable in C modulo ACUM}. Then we have some n # m such that
Sn = Sm. Then f™(a) — f™(a) € L. We have some t =acum f™(a) — f™(a) such
that P(t) is derivable in C modulo ACUD. t =scup t1 —ta +u1 — v1 + ... +ug —
v (k > 0) such that ¢; and ¢ are functional, ¢t; =scum f"(a), t2 =acum f™(a),
u;,v; are functional and u; =acum v; for 1 < ¢ < k. The derivation of P(t) has
functional support of the form I(t1), J(t2), I1(u1), J1(v1), -ey L (uk), Jk(vi). As be-
fore, I(f"(a)) and J(f"(a)) are derivable in C modulo ACUM. Then by Lemma 7,
P(f™(a)— f™(a)+us —v1+...+ur —vg) (or P(0)) is derivable in C modulo ACUM
leading to contradiction. O

Since one-way ACU M automata are closed [18] under intersection and are as ex-
pressive [18] as two-way ACU M automata, we have as for the ACU X case:

Theorem 6. One-way ACU M automata are not closed under complementation. Nei-
ther are two-way ACU M automata closed under complementation.



8 Counter-Examplefor ACU I Automata

We now show that one-way ACUI automata are not closed under complementation
either. Define languages £; = {f™(a) + f™(a) | n,m > 0} and Ly = {f"(a) | n >
0}. We have £1 \ L2 = {f™(a) + f™(a) | n,m > 0and n # m}.

Lemma 10. The language £ = {f"(a) + f™(a) | n,m > Oandn # m} is not
accepted by any one-way ACUT automaton.

Proof. Assume on the contrary that there is a one-way automaton C with final state P
which accepts £. Let P be the set of predicates in C. For each n > 0 define S,, =
{Q € P | Q(f"(a)) is derivable in C modulo ACUI}. We must have some n # m
such that S,, = Sy,. Then f™(a) + f™(a) € £. From Lemma 1, we must have some
t =acur f*(a) + f™(a) such that P(t) is derivable in C modulo ACU. ¢t must be of
the form s; + ... + sp +t1 + ... +t4(p,g > 1) such thatfor 1 < i <p,1 < j <gq,s;
and t; are functional, s; =acur f™(a) and t; =acur f™(a) . Then arguing as in the
ACUX,, case, we get a derivation of P(3-?¢ f"(a)) (or P(f™(a))) modulo ACUT
leading to contradiction. O

Since one-way ACU T automata are closed [18] under intersection we have:
Theorem 7. One-way ACU T automata are not closed under complementation.

However this does not answer whether two-way ACUI automata are closed un-
der complementation since the question of equivalence between two-way and one-way
ACUT automata is currently open [18]. Closure under intersection of two-way ACU I
automata is also left open in [18], but it is mentioned that the two-way ACU I automata
are powerful enough to encode alternation. This suggests that this case is difficult, be-
cause adding alternation to one-way automata is already known to produce undecid-
ability in the case of theories ACU, ACUD, ACU M, while in the case of theories
ACUX,ACU X, ACUI the question is open.

9 Conclusion

We have studied the problem of closure under complementation of one-way and two-
way tree automata modulo the equational theories ACU (associativity, commutativ-
ity, unit), ACUD (ACU with a distributive *—" symbol), ACUM (Abelian groups),
ACUX (exclusive-or), ACUX,, (generalized exclusive-or), and ACUI (ACU with
idempotence.)

We have shown that for the theories ACU and ACU D, the one-way and two-way
automata are closed under complementation. For the theories ACUM, ACUX and
ACU X, we have shown that neither one-way nor two-way automata are closed under
complementation. In the case of ACUI, while the one-way automata are not closed
under complementation, the question in open for two-way automata. An interesting
pattern visible here is the coincidence between closure under complementation of the
one-way automata and the linearity of the equational theory.



These results are in sharp contrast with the results on closure under intersection. The

one-way automata for all the above theories are known to be closed under intersection.
Also, the two-way automata for all theories except ACU I are known to be closed under
intersection. (The question is open for two-way ACUI automata.)

au

The results about the two-way automata are obtained by reducing them to one-way
tomata. The equivalence between one-way and two-way ACU I automata is however

open. A positive answer would also mean that two-way ACUT automata are closed
under intersection but not under complementation.
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